The solution of Differential-Algebraic Equations (DAEs) requires the calculation of initial values at the beginning of the simulation as well as after discontinuities. An approach is described that allows consistent initial value calculation (IVC) for higher index DAE with structural changes. To consider rigid impacts integral equations for the conservation of momentum are automatically generated. The method includes handling of fixed initial values and the observance of feasible regions.
Introduction
A great variety of physical-technical systems can be expressed and modeled by Differential Algebraic Equations (DAEs). System simulation tools, espe- . Therefore, the second equation of (2) constitutes a hidden constraint.
In complex systems user often cannot determine consistent initial values for each of the variables because some of them must meet algebraic and hidden constraints. On the other hand he must insist on (i.e. fix) the initial values of certain variables. In this situation tools provide support by allowing fixed and not fixed values, the latter being used as guesses for the initial value calculation (IVC) executed by the software. The determination of initial values is treated in [1] , [5] , and [7] . However, the initial values have to be calculated not only at the beginning 0 t t = but also after discontinuities ( [6] ). Now the values at/before the discontinuity play the role of the initial values. Again one has to distinguish, which of these values are fixed and which may change. In this paper we consider an approach that determines consistent initial values from this input. Figure 1 gives an overview about the main steps of simulation. Before a Modelica model is treated by a numerical solver symbolic simplifications and transformations are carried out (second block in Figure 1 ). During this process symbolic index reduction is applied in order to transform the system into an ODE or at least into a DAE with index 1 (see [1] ). Here we refer to the differentiation index that describes how many times a DAE must be differentiated until -after some transformation -an ODE is obtained. The symbolic index reduction carries out these differentiations as far as possible. If it leads to a system without hidden constraints the remaining algebraic constraints can be solved within implicit blocks and so the system can be handled by standard ODE solvers. In this case the computation of consistent initial values is straightforward.
After the symbolic analysis of the model the numerical time-domain simulation starts (third block in Figure 1 ). It includes handling of discrete-time events through event iterations and time-continuous integration of the DAE-system (1). Time-discrete events are triggered when inequalities change their logical value depending on DAE-states and/or time. Discrete variables and equations describe the behaviour of the system at such events. A change of the time-discrete state may modify the DAE-system (1). As explained below, that calls for a numerical index reduction and a calculation of new consistent initial values. Time-discrete and time-continuous states influence each other. An event iteration takes place until the time-discrete state of the system is stabilized. After that the simulation continues with the time-integration of the DAE. There are situations where the symbolic index reduction cannot differentiate certain equations analytically and some hidden constraints remain in the system for the numerical time-domain simulation. The most important cases are the following:
• External Functions do not provide symbolic expressions for equations or even their derivatives.
• If the system contains structural changes (that may happen through conditional equations in Modelica as explained in Example 2) the solver is faced with several branches having different indexes. Here symbolic index reduction does not solve the problem. To guarantee a low index all combinations of valid branches would have to be considered separately. In the worst case the analytical effort of regarding all branches increases exponentially. This is not practicable for large models.
Example 2:
Consider the system with the single conditional equation If the symbolic index reduction cannot free the system from hidden constraints it has to be supplemented by numerical index reduction. For this end it is necessary to calculate derivatives numerically.
In such cases ODE solvers cannot be applied directly for the simulation of the system. Beyond this, there are more challenges. With impact events in mechanical models (see section 3) conservation of momentum is expected. Since the respective equations are normally not part of the model, they have to be deduced numerically from the equations of motion and considered during reinitialization after such events.
Even after index reduction some algebraic equations may remain. Furthermore, higher derivative variables often occur nonlinear. For both reasons the solution of a nonlinear system is required for the IVC and considered briefly in this paper. 
Numerical Index Reduction
For the description of the numerical index reduction we assume that (1) is the active set of DAEequations after a step of the event iteration at time 
Index Calculation
The index calculation is the first part of the numerical index reduction. 
Assignment of equations to variables:
Roughly spoken the equations are assigned to variables (or their time derivatives) which 'can be calculated from their equations'. The best assignment is found with the help of the following discrete optimization procedure: Every assignment of equations to variables can be described by a permutation σ of the numbers 1 to
We denote the set of all such permutations as
From the current numerical Jacobian matrices The σ that minimizes the overall costs
is the chosen best assignment of equations to variables. For the minimization one can apply the algorithm from [3] .
Determination of the number of necessary differentiations:
The number of necessary differentiations of equations is determined by an iterative procedure. How the equation i F of the original system depends on the variables j x is determined the numerical Jacobian and stored in the dependency matrix 
, end for; It determines the needed additional equations and variables for the re-formulated index-reduced DAE system.
The advantage of the above algorithm over the algorithm of Pantelides [1] is that it also handles singular systems.
Numerical Differentiation of Equations
The index calculation from section 2.1 tells us which equations of system (1) at
have to be numerically differentiated for index reduction and if so, how many times. Only first and second order information is numerically generated. So, three is the highest differentiation index that can be handled by the solver itself.
If equation i F is marked for differentiation the overall system is supplemented by the equation
If second order information is needed the result of two Euler-forward steps is added, too:
Here, the quantities in these equations have the following meaning: 
Motivation
To motivate the necessity of integral equations in simulation we shortly consider the equations of two centrally colliding soft elastic bodies which are only under the influence of the contact force C F . The equations of motion of the two bodies are . , , ,
And the behavioral description of the contact force is ( )
Here, we implicitly assume that body 1 with mass 1 m approaches with some start velocity 10 v from the left hand side ( ) 
In many practical situations the contact stiffness is very high such that the contact time span and the maximal deformation are relatively small compared to the time-and distance scale ,resp., of the interesting processes to be modeled. If, under these circumstances, the soft impact model (3), (4) is used, the solver is forced to reduce the computation time step size just for capturing the fast contact phase. This can be avoided by modeling the contact phase as one discrete impact event where the sign of the difference velocity changes, i.e., conceptually:
With the jump in the difference velocity The introductory example is very simple. In practice, the simulator must be able to generate the impulse equations for much more complicated models. Special challenges are simultaneous state changes in multiple impact and end-stop elements, nonlinear transformations between masses and contact elements as well as rigid friction elements parallel to contact elements. 
Generation of Equations
In the transient simulation conservation of momentum is guaranteed by the equations of motion and the relation a v = & . In the IVC at an ideal impact this relationship is not directly used, therefore conservation of momentum must be ensured by additional conditions. For this purpose we integrate the equations of motion numerically and the Diracimpulse in forces and accelerations resulting from the impact can be treated.
The solver needs model input to identify the impact source in the system (e.g., the contact force C F in the example from section 3.1) and the jumping variables that determine indirectly the integral value of the impulsive variables for description of the impact (e.g., the jumping velocity difference One precondition for the system is that all equations depend at most quasi-linearly on impulsive variables, i.e., the partial system of these equations is representable as 
For brevity we do not note the time dependence of all variables explicitly.
Since the integrand of the partial integral 
. Therefore, both integrals are equal up to order two. For the corresponding limit of the one-sided Dirac approximation the numerical integrals match the symbolical integral only up to order one.
The foregoing remarks motivate that for the integral equation (6) with jumping signals R v the result
of the symmetric Dirac approximation should be used. Actually, we implemented ( )
which is a second order approximation of (7) . As we have seen above the change is not crucial for the approximation and the implementation (8) leads to less function evaluations than (7) . DAE-systems with impacts result from structural changes. So the matrix A in the left-hand side of (5) cannot be easily identified through the symbolic analysis in advance. The integral equations (8) 
Furthermore, the following integral equations are added to handle the velocity jumps in the end stops: it is specified as fixed externally or equation (1) depends on a higher derivative (which also can be a state or even dummy derivative; see [2] ) and (ii) the state is continuous and (iii) the state is not externally defined as not fixed.
Fixed Initial Values
Clause (ii) is applied because variables with a discontinuity or infinite value (see section 3) cannot be treated as fixed.
If a higher derivative occurs in (1) , that is not infinite, the state itself is continuous. Therefore, the second part of clause (i) fixes it. This also applies if the higher derivative is a dummy (see [2] ), since in reality the relationship exists.
Solving the System of Equations
The final system of equations is solved by a Newton method. In the situations described in sections 2 and 3 additional equations and sometimes also variables are appended to (1) . On the other hand, due to fixation of variables in the previous section such variables are omitted. Thus, as a rule the system of equation has rectangular shape. Even over-determined systems, if correctly modeled can be solved after a discontinuity (Example 5).
Example 5:
Consider two masses linked by a mechanical constraint. 
Ensuring the Feasible Region
Derived from real world conditions inequality constraints, especially lower and upper bounds, may be attached to the variables of a DAE: 
